Indices

By studying this lesson you will be able to;

» identify the laws of indices on the product of powers, the quotient of powers
and the power of a power,

» simplify algebraic expressions using the above mentioned laws of indices,

» identify the zero index and negative indices and simplify algebraic expressions
containing these.

([ Indices

You have learnt about powers of numbers such as 2!, 2% and 2° in previous grades.
The values of these powers can be obtained as follows.

\®)

[\

=2
2=2x2
3=2x2

X

4
2=8

B\

You have also learnt about powers of algebraic symbols such as x', x* and x* . These
can be expanded and written as follows.

Moreover, you have learnt how to write the expanded form of a product of powers
of algebraic symbols and numerical values. For example, 5°a¢*h*> is written in
expanded form as follows.

2a*b*=5x5xaxaxaxbxb.

You have also learnt that a power of a product such as (xy)?can be expressed as a

product of powers as x*)* and a power of a quotient such as (%) can be expressed

2
as a quotient of powers as % .
y
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Do the following review exercise to recall what you have learnt in previous grades
regarding indices.

(Review Exercise)

1. Evaluate the following.

i 2 ii. (—3) iii. (—4)
iv. (%) v. (- 3y vi. ( 4)°
2. Fill in the blanks.
i (xy)? =) x...... ii. (pg)’ =...... X rreees X rreean
=...... g XXXy SPXGX rerX i
=X XXX e, X verne SPXPRPX ceree X e X i
=x2 ><yz =p3 % qa
iii. 2ab)* = ... X v iv.pq> =... .2 xp*xq’
= . X treees Xbx ... X e xb = X LW XPXP XX
=2X2x ... X teeeeX e X teeees =BXPpXG) < (e X e X))
=4a’h’ =(3pqr

3. Expand and write each of the following expressions as a product.

i. 2a° ii. 3x%” iii. — 5p’q
iv. (-3) v. (ab)y’ vi. x*x

(12.1 Products of powers with the same base

2%and 2° are two powers with the same base.
They can be expanded and written as follows.

23=2x2x2and
25=2x2x2x2x2

Let us obtain the product of these two powers.

3x25=(2x2%x2)x(2x2x2x2x2)
=2x2x2x2x2x2x2x2
= 28
2 is repeatedly multiplied three times in 23. Furthermore, 2 is repeatedly multiplied
five times in 2°.
[ 59 |
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Therefore, when multiplying 2° by 2, 2 is repeatedly multiplied 3 + 5 = 8 times.

This can be expressed as 2°x 2°=23"5= 28,

It is important to remember that when two powers are multiplied, their indices
can be added only if they have the same base. Then the base of the power that is
obtained is also this common base.

Let us obtain the product x* x x*> accordingly. Since x* and x° have the same base,
the two indices are added to get the product.
That is, x* xx*> =x3*3
=
This can be expressed as a law of indices as follows.

amxan :am+n

This law can be extended to any number of powers.
For example,
arxa'xagt=qnrtnre

Let us understand how this law is used to simplify expressions by considering some
examples.

Example 1

Simplify the following.

LX2XX XX . a®>x b**x a*x b’ 111, 2x? % 3x°

i. ii.
X xxxx =x2+ 3" (since x = x") @PxPx@x b= a*x a*x B x b’
— 0 = @2 *2x p?+3

=a*x< b’
= a* b

ii.
2x*x 3x% =2 xx*x 3 xx°
=2x3xx?xx’
=6x2+5
= 6x’
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Do the following exercise using the law of indices on the product of powers.

MExercise 12.1

1. Fill in the blanks.

i 2% 2? il x* > x? iii. @ xa*xa
255 D2 =Dt Xrxx: =x " Exatxa=q "
=2 =X =a-
iv. 5p° < 3p V. X2x PP x> %y’
:5><”” ><3><”” :xXnyXy
=15.... = e o
2. Join each expression in column A with the expression in column B which is
equal to it.
q B
x> xx’ x’
XX XEX X b
X' xx x°
x2 X x2 X xG xlO
XXX XXX X
3. Simplify and find the value.
i 3°x3° ii. 7 <7 <7
4. Simplify.
X < x° v. Sp* x 2p?

1. X% x x2 x x?
iii. @*xa*>xa*

iv. 2x3x x°

6. Write a value of a for which the equation a*+ &= @ holds true and a value of

a for which it is false.

Vi. 4x> x 2x x 3x°
vil. m* < 2n*xm xn

viii. 2a%> % 3b* < 5a < 2b3

. A pair of positive integral values that m and n can take so that the equation
x™x x" = x* holds true is 3 and 5. Write all such pairs of positive integral values.

[ 24 |
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(12.2 Quotients of powers with the same base

Let us see whether there is a law of indices for the quotients of powers with the

same base, similar to the one obtained above for the product.

5
x>+ x* can also be expressed as %

S XXX XXXXXX
Now, & =
X XXX

=X XX XX
=x°

5
" L = x3. When the index of the power in the numerator is 5 and the index of the

power in the denominator is 2, then the index of the quotient is 5 — 2 = 3. The base
of the quotient is x, which is the common base of the original two powers.

Therefore, x° + x? can be simplified easily by subtracting the indices as follows.

B 2=x-2=x3

When powers with the same base are divided, the index of the divisor is subtracted
from the index of the dividend. The base remains the same.

ar~ at=q" "
It is important to remember this law of indices too.

Let us understand how this law is used to simplify expressions by considering the
following examples.

Example 1

Simplify the following expressions.

¢ a’xa?
ax xxr+ x° b. 4x® + 2x? " T4
2
5 2\ - Fee oS F 2 o 3 8
@xx)+ X=x"2+ x 4x8 = 2 _ @xa _ 3421
7_3 X" = X > Z T =q
=X 1Zx a
=xt — D58 -2 =q*

=20
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Now do the following exercise.

m&;ercise 12.2

1. Simplify using the laws of indices.
7

Lo+ @& ii. = i, 2x% + X3 iv. 4p° + 2p?
x2
5 2 4 3
o X .o . ose X
. 10—"; vi. X 3x vii. n° + (n’x n) viii, 2 *2x_
2m X 4x
ix X% x*x 2x8 ax b’ i 2p* < 2¢°
x7x x? a*x b? pxq

2. Write five pairs of positive integral values for m and n» which satisfy the equation
at~ a'= a8

3. For each of the algebraic expressions in column A, select the algebraic expression
in column B which is equal to it and combine the two expressions using the

“="sign.
B
2a° + 2a?
a
a6 - a4
2
a
a’ xa?
6
a
3 a3
a
a
da’ < a
443

(12.3 Negative indices

In the previous section we identified that x° + x?is x*. We know that this can be

obtained by expanding i—z and simplifying it as follows.

1]
XXXXXXXXX =3

Let us simplify x> + x° in a similar manner.
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The two simplifications of x*> + x° obtained in (i) and (ii) above must be equal.
Therefore, 1—3 =x 3. Observe here that the index of the power in the denominator
changes signs when it is brought to the numerator. This is an important feature
related to indices which can be used when we need to change a negative index into

e - . 1
a positive index. We can similarly write x° = PR

This law can be expressed as follows.

1
x™

Accordingly, - , - ,

We can use this law of indices to simplify algebraic expressions as shown in the
following examples.

xX'=

(By applying the above feature
to both powers simultaneously)

Example 1

Evaluate the following.

OFS (i) 4

o 27
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Example 2

Simplify: %
=

2x 25 2x3 = 2xx 22 xx?
2x * 2xx 4

1
4 3
XXt 2xX . _ 1
=22T (since x 2=; andF=x“)
1

7

N

X
2

7-2

|
)
> =

5

|
)

X

mExercise 12.3

1. Write each of the following with positive indices.

i 3¢ i, x? iii. 2x ! iv. 5a 2 v. 5p’q ?
. . . a
vi. xL*S vii. ;—_2 viii. % ix. 5,5 X. (2Ln)_ 2
2 -2 =2
xio £ xii. 2 xiii. X, xiv. Lx)
m q 2y 3y
2. Evaluate the following.
i 22 ii. ﬁ iii. 27 iv. 43 wv. 32
.5 N T
vi. 5 vii. 103 vili. 45
3. Simplify and write the answers with positive indices.
2
ia2xa  ii.a?xa il 5x @t V.20 3@ v.3x Txdy
vi. 10 S i A i @) Qp)
X 2x (2p)

(12.4 Zero index

A power of which the index is zero, is known as a power with zero index. 2° is an
example of a power with zero index.
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When x° + x°is simplified using the laws of indices we obtain,

Xr P=x3-5=y0
XXXXXXXXX
XXX XX XXXX

When it is expanded and simplified we obtain, x°+ x°=

=1
Since the answers obtained when x° + x° is simplified by the two methods should
be the same, we obtainx’= 1.

x"= 1 where, x is any number except 0.

This result is also used when simplifying algebraic expressions.

Note:
Example 1
Simplify.
i 20T i, (£ )0
x? a
0
X0xx’ =1 «x7 = 2 (xsxxz) _
x? a =
= 1 >< X7 - 2 . . . .
= (Since the whole term within brackets is

the base, and 0 is the index, its value is 1.)

Let us improve our skills in simplifying expressions which contain powers with
zero index by doing the following exercise.

mExercise 124

1. Simplify the following expressions.

it ii. (2p)*x(2p)* iii. @<
, S axa
4 -2 -4 6
iv. 7 X6 v. P XP>P Xép X3p vi. —xiz Xxg Xi
¥ Pixp Y Exyixy
2. Evaluate the following.
0 0 xo x20 0
i 20 3 i, (— 4 i, (7) N iv. (7) v. 50+ 1
0 -4 y 1 2
vi. (%) vii. (2ab)'— 20 i, (abc)°
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(CIZ.S Power of a power

(x?) is the third power of x*>. A power of this type is known as a power of a power.
We can simplify this as follows.

(x?)? = x?x x? x x?

(?)? = (x xx) x (x xx) x (x xX)
=X XX XX XX XX XX
— 56

Therefore, (x?)*= x°.

Observe that the index 6 i1s 3 twos; that is, 2 x 3. Therefore, we can write
(x2)} = x23= xS,

Hence, when simplifying an algebraic expression of a power of a power, the indices
are multiplied.

This is also a law of indices which can be expressed as follows.

(am)n: amxn: amn

Example 1
Simplify the following.
i. (&°)Y*a ii. (P*)*x(x?)° iii. (2x%*)?

i. (a5)2>< a=a’*?xa ii. (p3)4>< (xz)o :p3x4><x2><0 iii. (2x2y3)2 — ( 2 % x2 ><y3)2

= a'% g! :p12><x0 =22><x4><y6
= ql0+1 :plle :4x4y6
=gl =p12

Let us improve our skills in simplifying expressions which contain the power of a
power by doing the following exercise.

mExercise 12.5

1. Evaluate the following.
i (2%? ii. (3% iii. (2°%)2+2°

v, (s v @)l vi. (102
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2. Simplify the express using positive indices.

e i (7 il (@0 iv. (22°)
V. (iccsz)3 Vi.(g—z)z vii. (’:17723)72 viii. (p2)*

ix. (a°)*xa

(Miscellaneous Exercise)

1. Evaluate the following.

i 5% 52 i, 53+ %2 fii. 50% 5 x 52
iv. (5 v. (59 vi. 5(3;)21
vii. 52+ 102 viii. 52 10° x 571 102

2. Simplify the following.

: . . (4p?)
i (2x°)? ii. (2ab*’ ii. 2x x (3x%)? iv.
2p*qy
v. @p)° vi. Q) (30
3pq 5b° 2a
O am % an — am +n

o (am)n:amxn:amn

e x=1 wherex#0.
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