21 Cyeclic Quadrilaterals

After studying this chapter you will be able to acquire knowledge

and the application of :

 proofand application of the theorem and its converse which states
that the opposite angles of a cyclic quadrilateral are supplementary.
 proofand application of the theorem and its converse which states
that the exterior angle of a cyclic quadrilateral is equal to the interior

opposite angle.

21.1 Angles in a circle

We will recall the theorems about angles in a circle which we learned last year.

(1) Theorem : The angle subtended at the centre by an arc of a circle is twice
the angle subtended by the same arc at the remaining part of
the circumference.

Centre of the circle is O
AOB=2ACB

AOB (Reflex)=2 ADB

(2) Theorem :
In a circle, the angles
in the same segment are equal

T

Q

PTQ=PSQ=PRQ

(3) Theorem :
Angle in a semicircle is a right
angle

O is the centre of the circle.

XY Z = 90°
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In the above diagrams, the pointsA,B,C and D and the pointsPQ,R,S
and T and thepoints X,Y and Z are pointson the samecircle.

Thusthepointslying onthecircumferenceof acirclearecaled concyclic.

The converse of the second theorem mentioned above, is a useful
theorem for concyclic points.

Theorem:

If astraight linesubtendsequal anglesat two points
lyingon thesamesideof thestraight line, then thetwo points
and thetwo end pointsof thestraight linear e concyclic.

D
C

A B

Inthefiguregiven above, thepoints C and D are onthe same side of the
graight lineAB.
According tothetheorem

If ACB=ADB
then A,B,CandD areconcyclic.

21.2 Cyclic quadrilaterals

If the four vertices of a quadrilateral lie on the same circle, then the
quadrilateral is called a cyclic quadrilateral.

B P MN

Intheabovediagram ABCD, PQRSand KLMN arecyclic quadrilaterals.
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Theorem
Theoppositeanglesof acyclic quadrilateral are supplementary.

Let usprovethistheorem A
D
B \ /
C
Data .- ABCD isacyclicquadrilateral. Oisthe centre of thecircle.
TPT - BAD+BCD = 180"

and ABC + ADC = 180"
Congtruction:- Join OB and OD

Pr oof - B6 D=2BAD (Anglesubtended at the centreistwice
theangle subtended at the circumference)

BOD (reflex) =2 B ¢ D (Anglessubtended at the centreis

twice the angle subtended at the
circumference)

~BOD+BOD (reflex) =2 BAD +2 BCD
But BOD + BOD (reflex) = 360° (Anglesat apoint)
- 2BAD+2BCD = 360"
BAD+BCD = 180"
But ABC+ADC+BAD +BCD =360° (Angles of aquadilateral)
< ABC+ADC + 180° = 360"

-~ ABC+ADC=180"
.. Theoppositeanglesof acyclic quadrilateral are supplementary.
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Thistheorem can be proved a so by theknowledge of isosceles
triangles

Sincetheradii of acircleareequal the
trianglesAOB, BOC, COD andAOD are
isoscelestriangles
(atb)+ (bt+c)+(c+d)+ (d+a) = 360"

~.2a+2b+42c+2d = 360°
. (atb)+(ct+d) =180

.‘.AEA}C + AIA)C =180’
Similarly (a+d) + (b+c) =180’

A A
- BAD+BCD =180°

The converse of thistheorem too can be used asatheorem. i.e.

If apair of oppositeanglesof aquadrilateral is supplementary,
thenthequadrilateral isacyclicquadrilateral.

Examplel
Find the anglesmarked by symbols
0] x+75° =180°
' x =180°-75°
x =105°
a+2a =180°
3a =180°
a =60’
2a =120°
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m=60°

A
BAD = 60° +40°

=100°
n =180"—-100°
n =80°

Example2

Theverticesof theparallelogram ABCD areconcyclic.
Provethat ABCD isarectangle.

Data :- Theverticesof theparalelogram ABCD areconcyclic.

T.PT :- ABCDisarectangle
Proof - SinceABCD isacyclicquadrilateral

fg + 1A) = 180°(Oppositeanglesof acyclic quadrilatera)
But B = IA)(Opps'teangIesof parallelogram ABCD)
. B= D =90"
AlsoABCD isaparallelogram (Data)
- AB=DC
-. ABCD Iisarectangle
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Exercise 21.1
(1) Inthese digrams O denotes the centre of each circle. Find the angles marked
by symbols.

(2) Inthe diagram, the vertices of the pentagon ABCDE lie on a circle with centre
O.AD is a diameter of the circle. If

A A
DAE=30"and BAC=25"AB=BC
and DC = DE find the magnitudes of the angles of
the pentagon.
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3) Inthecydlic quadrilaterl ABCD, AB // DC. Provethat ABC = BAD.

N N
(4) Inthecyclicquadrilateral KLMN, KL M = K NM Provethat KM isa
diameter of thecircle.

(5) Intriangle PQR, the perpendicularsdrawn from Q to PR and R to PQ
intersect at O. (Seefigure)

Provethat, P
(1) PSQOT isacyclicquadrilateral s
(i) QRST isacydlicquadrilateral T
0
Q R

(6) Incyclicquadrilatera MALE, Cisapoint on EL suchthat AC=AL. Prove
A A
thaa AME =ACE.

(7) Inquadrilateral PQRS, thediagonals PR and QSintersect at O. If PQ// SR
and SO = OR. Provethat P, Q, R and Sare concyclic.
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(8) Intriangle ABC, the bisectors of the interior angles B and C meet at D and the
bisectors of the exterior angles at B and C meet at E. Prove that BDCE is a
cyclic quadrilateral.

A

21.3 The relationship between the exterior angles and the
interior angles of a cyclic quadrilateral.

Activity :- 21.1 In this diagram, we will find the angles denoted by symbols.

a=180" -70° = ...
b=180" -100° = ...
c =180"-70" = ...
d=180" -100° = ...
e=180° -110° = ...
f= ... - ... =...

We will write the values of interior angles and exterior angles of this cyclic
quadrilateral separately.

Interiorangles ———> 70,100, 110°, 80"
Exteriorangles —> s ey ey e

According to the values you have got, see whether there is a relationship between
the values of the interior angles and exterior angles.

When considering an exterior angle of a quadrilateral, the angle
opposite the interior angle which is adjacent to the exterior angle is called the
interior opposite angle of the exterior angle mentioned above.
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We will complete this table

Value of the exterior angle 110° | 80° 32°

Value of the interior opposite angle 110° 50°

The table shows that the value of the exterior angle is equal to the value of
the interior opposite angle. This relationship is considered as a theorem in

geometry.

Theorem :
In a cyclic quadrilateral, the exterior angle formed by
producing a side, is equal to the interior opposite angle.

Proof of this theorem
A

C
E

Data : Incyclic quadrilateral ABCD, side BC is produced to E.

A A
T.PT. : DCE=BAD
Proof : Bé D+D é E = 180° (Adjacent angles are supplementry)
B 6D + Bf& D = 180° (Opposite angles of a cylie quadrilateral)

A A A A
..BCD+DAC= BCD+BAD

A A
.. DCE= BAD
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Thistheorem can also be proved by using thetheoremson anglesina

triangleand anglesinacircle.
a=y (Anglesinthesamesegment)

b=z (Anglesinthesamesegment)

La+b=y+z
But y+z=x
cat+b=x
x =a+b
AN A
.. DCE=BAD

The converse of thistheorem too can be used asatheorem. Henceif the
exterior angleformed by producing aside of aquadrilatera isequa tothe
interior oppositeangle, thenthe quadrilateral isacyclic quadrilateral.

Example3

Findthevaluesof x, yand zinthefigure.

x =75
y=180"—(75" +42°)
| y=180"—-117"
Z) e (a2 y:630
z=163"
QT NA- R

Example4

Inthefigure, thetwocirclesintersectatAandB. ¢
Thepoint A liesontheside QR of triangle PQR. B
Provethat PSBT isacyclic quadrilateral.
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Data .- Thetwo circles are intersect at A and B. The point A lies
on the side QR of'triangle PQR

T.P.T. .- PSBTisacyclic quadrilateral
Construction :-  JoinAB.
Proof -  Inthecyclic quadrilateral ABSQ,

A A
R A B = BSQ (Exterior angle = interior opposite angle)
In the cyclic quadrilateral ABTR,
R A B=B ”f P (Exterior angle = interior opposite angle)

A A
-.BSQ=BTP
PSBT is a cyclic quadrilateral.

Exercise 21.3

(1) Inthe following diagrams O denotes the centre of relevant circles. Find the
angles denoted by symbols in each circle.
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(2) Inthegivendiagramthetwo circlesintersect each other at L and Q.
KLM and PQR aretwo straight lines.Name an angle

() equaltoangleK L. Q K - M
(i) supplementary toK ﬁ Q

P 0 R

(3) BCisadiameter of acirclewith centre O. Side CD of thecyclic quadrilatera
ABCD isproducedto E. Usingthegiven diagram

() Namearight angle, givereasons.

A
(i) Writethereationshipbetween AD E

A
and A B C givereasons
A A
(i) TADE =75° and CAD = 20°

A
(a) Findthevalueof ABD
(b) Provethat AB =CD

(4) Inthecyclicquadrilateral PQRS produced PQ and SR produced meet at T.
PT=ST.
(i) Provethat QRT isanisoscelestriangle.
(i) Provethat PS// QR.
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(5) Inthefigure, thetwocirclesintersect at B and E. ABC and DEF aretwo

graightlines. Provethat AD // CF.

(6) XYZisatriangleinscribedinacircle. YA istheperpendicular dravnfromY

()

to XZ. Theperpendicular drawn from
X toYZmeetsYAaCandYZaD
andthecircleat B.

(i) Provethat ACDZisacyclicquadri
laterd.

(i) ProvethatY(AjB = Yfgc

SideAD of thecyclic quadrilateral ABCD isproduced to E. The bisector
of angle CDE is DPwhen the bisecter DP produced along the PD direction.
it meetsthecircleat Q. Provethat theline BQ bisectstheangleABC.

A
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(8) KLMNisacyclicquadrilateral. KL and NM when produced meetat A. KN
and LM when produced meet at B. If ABNL isacyclic quadrilaterd, prove
that AB isadiameter of the circle passing through thepointsA, B, Nand L.

K
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