2 Indices and Logarithms I

By studying this chapter you will acquire knowledge on the
following:

* Integral indices

* Rational indices

* Laws of Logarithms (for powers and roots)

* Expressions including roots and powers

* Solving equations including powers and roots (without using log

tables.)

Let us recall our knowledge on the multiplication and division of indices,
by doing the exercise given below.

Exercise 2.1

Simplify
(1) x* xx* xx ) x*xx*  (3) (x“)z @ °xa xa?
© @ xaxrt © %) j(“z) ) (7’ ) xp*xq’
a
e —pé—z- 2x% x3x°
®) (32’ ) +a 9) (") (10) 3555
X’ x x° 2d’ x 3d
(11) — (12) —(—2;3—)5—'

. 0o £0Y (1Y
Nimal says that the valuesof a”, (a ) , (a ) are the same. Do you agree or

disagree with him? Give reasons for your answer.
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2.1 Fractional Indices

a8 = a*x a* = a’x a® = a®x a2
a® = alx a8 = a*x a = a’x al
a* = a?x a2 = a’x at

a2 = atx at

Observe that the above powers are divided into two factors. Each power
on the left hand side is written as a product of two powers.

The laws of indices learnt before are true for fractional indices too.

When m & n are rational numbers, When m & n are rational numbers,

anx am — am+n (am)n — amn

The Same numbers can be written in the two boxes, The sum of these two numbers should
be equal tol according to the first law

1 1

= 3

Then al=a x a
1 1

a=a + a

We can also write

1 2
1
a-=a X a
X:XDX X|:|><X|:|

Similarly, can you write the same number in all boxes above so that the
above expression is true?

'
X X X = X X X X

X = X X X

Activity 2.1

Write suitable fractions in the boxes as above.

(a)5= 5x5” = 5% 57x 57 ©p =pox p°©
(b) 2 2% 2% = Ix Px 2" (dg =g x q"

PP pPx po
Px q% g™

15 For free distribution



2.2 Converting negative indices to positive indices

2

. . a
Simplify —
a
a’ axa
We can expand —
a axaxaxaxa
1 1
a’ A x g 1
Hence, —< = -

a AxXgxaxaxa a

2
Also we get i a”®=a’ (simplifying using the laws of indices)

a
Therefore —<=-—5=a
a

Thus, the power with a negative index a~ can be written With a

1
positive index as pe)
When we take the reciprocal of a power, then the sign of its index changes from
positive to negative and negative to positive.

Accordingly

Example 1
Evaluate /25°

13

J2s5° =(253)% = (255) - (52"

SR
N,
il
W
w
i
—
o
(9]
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Example 2  Evaluate (25)"°
(25" =25 = (5)'=5
Example3  Simplify 8¢, (16p*)?,(0.027)}
1 skl
. 8= (2°)=27=2

1
2%

. (16p*)' = (2*p*)" ={(2p)*}* =(2p)"* = 2p

1 1
, g 3 dE
. (0.027)? =(-—~2——7—) = = (—i) =—3—- = 0.3
1000 10 10 =
Example4  Simiplify {/a—2 ><\/Z3‘
Ya* x o =(@?) (@) =a’ xat =a* = g__i
ExampleS  Write {/x2 with a positive index.
1
(x~2)§ =x : 3 =x—§ =—]:Z
X
Example6  Evaluate g17'%
1 1
817 =817 B1)* =(3*)* =3
1
81
_ |
()"
_ 1
- 34x%
_ 1
== =—
3 243
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Exercise 2.2

(1) Simplify 1 1 |
(i) (36): (i) (64) (iii) (196)2 (iv) (4p%¢%)}

()0.125)5  (vi) (6%)3 (vii) (256x*)7  (viii)12 x 32
(ix)(az)3 x~a* (x) (ab2 )% x a2

(2) Simplify )
Q) (64 (i) (729)5 (ki) (-367445)3 () 001y
(v) (256)" (vi) (1000)‘_.%l (vii) (16):4g (viii) (243)%3
(ix)(O.OOOl)'I%

(3) Find the value of each expression when x =8 and y =16
() x> xy? (i) 25 xy% (iii) (x%yé]
) &7 () ()

(4) Simplify and give the answers with positive indices.
Ay N () () (128]
(IV) (2a—2) X 361—;) (V) {(3)6"1)_2 }1

1

124 x 2a
(5) Simplify,
4 ~1
Sxg? 22 1 3 %3}
(i) dazxar lja ] (ii) x3 [(x3 +x3)+xJ (iii) :/;zx 4y6
2a ? x3a’ Y o XNXx
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2.3 Solving equations with indices

Example7 Solve 3* =81,
3* =81
When expressing the number 81 as a power of 3, we get
3" =3

Since the bases of both powers are equal, the indices should also be equal,
Sx=4

Example 8
Solve 16"V =32

16¥0 =32
Write 16 and 32 as powers of the same base. 2 is an appropriate base for this

(24 )(x+1) _ 25

24x+4 _ 25 (According to the law of indices)
Since the bases are equal, the indices should also be equal.

4x+4 =5
4x+4 -4 =5-4

4x = 1

1

x:_

4

Exercise 2.3

Find the value of x

1) 5¥=125  @27=3" @) 71*V=49 (4 4":%

1

5 8(x+1) v 2(x—1) =132 6 42 \ x 8 =128 7 8(2x-1) _ -
®) © *) @ o4
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2.4 Laws of Logarithms

(i) log,mn = log,m +log,n

(ii) log, % = log,m - log,n

You have already studied the above laws of logarithms. Let us see how these
laws can be applied to powers and roots

Consider the expression Jog 2 .This can be expanded as log, (2x2x2).
According to the above laws,

log,2’ =log, 2x2x2 =log,2+log,2+log,2=3log,2
- log, 2> =3log, 2

Now consider Jog,x* . This can be expanded as log,, x x x
s log x*=log, xxx =log,x+ logX="2logX

log x* =2log, x

Similarly, log, (xf = -;-logax

Now, we have another result for logarithms log,m" =r log,m
where 7 is a rational number
Example 9
Find the value of /og,343
Since 77 = 343

log ;343 = log, T’
= 3log,7  (where log,7=1)
=3
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Example 10
Find the value of /g0.001

log,a
1 iswritten as Iga
0.001 =——
1000
= _1_3 =107
10
Taking the logarithm of both sides, we have

Here,

p— -3 _ — = -
1g0.001 = /g10™ = -3/g10 = =3 log, 10 =1g10 =1

Example 11
Evaluate Jg(100)?

(3=

100% = (10%) * = 10** = 10
- 11007 = Ig10

1g100% =1
Exercise 2.4
Evaluate
1. log, 27 2. log, 256
3. log, 256 4. log, 8°
1
5. Ig 100° 6. Ig (1000)2
1 i
7. log, 64* 8. log,81*4

x and y stand for two whole numbers.
log;x =log,y, x <50. Find all values thatx and y can take . Compare your
results with a friend of yours.
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2.5 Finding the value of a logarithmic expression.

Example 12 Example 13
Simplify  Jog,5+ 2 log,3 Simplify log,6—log,3
2
=log,5 +1log,3 log, 6~ log,3 = log. 6
=log,(5x 3) 3
= log 45 =log,?

Examplel4
Evaluate 2/g5+/g4

2ig5+Ig4 = Ig5° +Ig4
= g (5 x4)
= 1g100
= [gl0®
= 2

Example 15

1 1
Evaluate Elg 25 +—2—lg 400

%lg 25 +%lg 400 = Ig(25)* +Ig(400):

Ig {(25)%x (400)%}

lg {(52)% X(20°): }
lg (5% 20)

Ig 100
Ig 10°

Hl
N
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Exercise 2.5:

Find the value of each expression without using the logarithmic tables

(1) 1g5+Ig2 (2) Ig5+Ig20

(3) 122000 - Ig200 (4) Igl6-Igd+2Ig5
(5) log,16+210g,8 ©) %zog381+log39

(7) 2log,8- —;—log216 (8) g50+3Ig2 - 2Ig2
) —;—lgIOOOO- 31g10 (10) 2 lg10+—13—lg1000- 3
(11) %(lglOO +lg 64 -1g 16 +2 Ig5) (12) 2(lg20- g2 ) +1

2.6 Solving logarithmic equations

Example 16

Solve Jog,5+10og,2 = log, x
log,5+1log,2 = log,x

log,(5x2) =log,x
log, 10 = log,x

10 =x

x =10
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Example 17
Solve Jog, 4 -log,8 =log,x

log 4 - log,8 = log,x

4
logag log,x
_
2
1
X = -2'

Example 18
Solve Ig20+ig5=2Igx

lg20+1gs5 =21Igx
lg(20 x5) = Ig x°
Ig 100 = Igx’
100 =x’
10 =xor-10=x
x =10 (since x>0)

Example 19

Solve —;—loga x = log,12 - log,3

—;— log, x = log,12 - log,3

1
logx 2= log,12
3

1

x2 = 4
1
(x7) = 4
x = 4 or -10=x
x = 16 (since x>0)
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Example 20

Solve 2log, 3+3log,2-log, 72 = 1 log, x

2

2log, 3+3log,2-log, 72 = %— log, x

1
log 3°+ log,2’-log 72 =log x*

Exercise 2.6

Solve the following equations

(1) log, 125 = x

(3) log,25+2 log, x =2 log, 50
(5) 2log, x =4log,3

(7)5- log, 8=% log, x

log, {_?’ii‘_zj} = log, (x%)
72

(2) 2 log,x = log,49
(4) 2 log,4 -log 8 +10g,50 =2 log,x
(6) logax =—;— loga 144

(8) log, x = log, (2x-3)
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