Binomial Expressions

By studying this lesson, you will be able to
expand the cube (third power) of a binomial expression.

You have learned in earlier lessons that, for a binomial expression of the form
x + y, its square is denoted by (x + y)?, and that what it means is (x + y) (x + y),
and that when the product is expanded, the expression x* + 2xy + )? is obtained.
Moreover, recall that x> — 2xy + )? is obtained when (x — y)* is expanded.

Do the following exercise to recall what you have learned about the expansion of
squares of binomial expressions.

(Review Exercise )
1. Fill in the blanks.

a. (a+by? = a*+2ab+ ... b. (a—-b)} = ...—2ab+0b?

c. (x+2)y = xX2+4x+... d (@+3)? = y+... +9

e. (a-57 = .. —10a + 25 f. b-17% = b .. +

g (4+xP = 16+... .. he (7= = 49 ... i

i Qe+ 1P =4x2 .. +1 j.o Bb-=2= ... —12b ......
2. Expand.

a. 2m+32  b. (3x-1y c. (5+2x)

d. (2a+3b) e. 3m—2n) f. (2x+ Sy)?

3. Evaluate the following squares, by writing each as a square of a binomial
expression.

a. 322 b. 1032 c. 18 d. 992

(6.1 Cube of a binomial expression

The cube of the binomial expression a + b, is (a + b)*. That is, the third power of
(a + b) . Note that this is the same as multiplying (a + b)* again by (a + b).
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Carefully observe how the following expressions, involving a power of 3, are
written.

3¥=3x32=3x3x3=27

X=xxx2=xXxxx

(2x)* = (2x) x (2x)* = (2x) x (2x) x (2x) =83
In a similar way, we can write

xF1P=x+Dx+17? =+ @+ x+1)
(@a=2y = (a-2)a-2)y =(a-2)(a-2)(a-2)
B+my=@B+m)3+m)}=B+m)B+m)B+m)

The cube of a binomial expression can be expanded in a way similar to how the
square of a binomial expression was expanded. It is illustrated in the following
example.

Example 1
(x+y) =(x+y) &x+y)?

P T
=(x+ )@;}/2)

=x*+2x% + x)2+ x%y + 207 + )7
=x’+3x% + 302 +)°

Accordingly, let us remember the following pattern as a formula for the expansion
of the cube of the binomial expression (x + y).

(c+y) = x+3xy + 37+
A

cube of the
cube of the first term second term

three times the product of the
square of the first term and the
second term.

three times the product of the first term
and the square of the second term

According to this, we can write

(m+n)*= m*+3m’n + 3mn*>+ n?
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Similarly, we can write (a +2)* = a®+3a*x 2+ 3a x 2>+ 23, and this can be further
simplified as ,

@+ 6a*+ 12a + 8

Now let us consider how the expansion of (x — y)* is obtained by taking products.

x=yyP=x-y) (x-yy

K*\\%

=(x-y) @*2xy )

=x>—2x% + xp*— Xy +2x)*—)?
=x* - 3x% + 3xp*— )7

Now, let us consider how we can obtain the expansion of (x — y)*, using another
method.

First, note that we can write x — y as x + (— ). Therefore, we can treat (x — y)* as
an expression of the initial form, by writing it as {x + (- y)}*. Let us now consider
the expansion of this cube.

x=)P=x+E)P=x+3x X (=) +3xx X (=y) + (=)
=x3=3x% + 3x*—)*

Note that we have used the properties (— y)*=y? and (- y)*=— y? in the above
simplification.

According to this, we can also write
(m—n)*= m’*—3m’n + 3mn*—n’
P—qy=p’=3p’q+3pg’—q°

Either method can be used to obtain the expansion of (x — y)’. You may use any
method which is easy for you.

Let us now consider how the cube of a binomial expression, involving numbers as
well, is expanded.

Example 2

(x+5P=x+3xx2x5+3xxx5+5°
= x>+ 15x*+ 75x + 125

Example 3

(I+xy=DP+3xPxx+3x1xx*+x°
=1+3x+3x*+x°
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Example 4

Example 5

Example 6

Example 7

(47 = P+ 3 xR X () + 3 Xy x (AP + (- 4)
=3 —-12)? +48y - 64

or

(v—4P=)y"-3xy"x4+3 xyx4> 4
=3 —12)? +48y - 64

5-ay=5+3x5x(—a) +3x5x(—a)’+(—a)
= 125 -75a + 154> - &*

5-ay=5-3x5xqag+3x5x @?-a

or

= 125—75a + 154> - d*

(-2+ay

= -8+ 12a— 64>+’

(=3-0)y = (=3)+3x(=3yx(=b) +3x(=3)x (b)) + (-b)’

= —27-27b-9b* - b’

[1G+5)]

or

1) @+by

(2P +3x(=2P2*xa+3x(=2)xa*+d’

1 (33 +3x32xbh+3x3xb+b)

= 1 (27+27b+ 9k + b°)

—27-27b-9b*-b*
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Example 8

Write the expansion of (x — 3)*and verify that (4 —3)* =4° —32x4>+33x4-33

(x—=3)P=x-3xx>+33xx-33

Substituting x = 4

Lefts. = (4 -3)
=1

Rights. =4°-32x 42+ 33x 4 -33
=1

Lefts. = Rights.
Therefore (4 -3) = 43-32x42+33x4 -3}

1. Fill in the blanks using suitable algebraic terms, symbols (+ or —) or
numbers.
a. (x+3)P=x+3xx2x3+3xx x32+33= ¥ +0O0+00+27
b. (+2y=)y+3xOxO+3xOx0O +22=)*+ 6 +0+0
c. (@a-5=a+3xa>x(=5)+3xax(=5?*+(-5)}=aa3-0+0-125
d. G+#=0+3xOxO+3x OxO+0 =0O0+27¢t+0+ 8
e. (x—2y=x0O3xOxO+3xOx0O+ (-2)y=x00+ 12x-0O

2. Expand.
a. (m+2)> b. (x +4) c. (b-2) d. (z-10)
e. (5+p) f. (6+k) g. (1+b) h. (4—x)}
i 2-p) INCE& k. (-m+3) L (5-y)
m. (ab +c)’ n. (2x + 3y)’ 0. (3x+4y) p. (2a-5b)°
3. Write as a cube of a binomial expression.
a. a+3a*bh+3ab*+ b’ b. ¢ -3c%d+3cd?-d?
c. X*+6x>+12x+8 d. y*—18?+108y—-216
e. 1+3x+32+x° f. 64—48x+12x>—x°

For free distribution



. Shown in the diagram is a cube with the length of each a+s
side (a + 5) units. Write an expression for the volume of |
the cube and expand it. P

. Expand (x + 3)*, and verify the result for the following ats
cases.

(i) x=2
(i) x= 4

. Use the knowledge on cubes of binomial expressions to evaluate the following
numerical expressions.

(i) 64-3x16x3+3x4x9_ 27
(i) 216-3x36x5+3x6x25— 125

. Find the value of each of the following, by writing each as a cube of a binomial
expression.

a. 21? b. 102° c. 17 d. 98°

. Find the volume of a cube, with each side 2a — 5 c¢m, in terms of a.

. Write x*— 3x?y + 3x)?— y* as a cube and use it to find the value of
25% — 3x 252%x 23 +3 x 25 x232-233,
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